Abstract -The recent financial crisis has caused extensive world-wide economic damage, affecting in particular those who invested in companies that eventually filed for bankruptcy. A better understanding of stocks that become bankrupt would be helpful in reducing risk in future investments. Economists have conducted extensive research on this topic, and here we ask whether statistical physics concepts and approaches may offer insights into pre-bankruptcy stock behavior. To this end, we study all 20092 stocks listed in US stock markets for the 20-year period 1989-2008, including 4223 (21 percent) that became bankrupt during that period. We find that, surprisingly, the distributions of the daily returns of those stocks that become bankrupt differ significantly from those that do not. Moreover, these differences are consistent for the entire period studied. We further study the relation between the distribution of returns and the length of time until bankruptcy, and observe that larger differences of the distribution of returns correlate with shorter time periods preceding bankruptcy. This behavior suggests that sharper fluctuations in the stock price occur when the stock is closer to bankruptcy. We also analyze the cross-correlations between the return and the trading volume, and find that stocks approaching bankruptcy tend to have larger return-volume cross-correlations than stocks that are not. Furthermore, the difference increases as bankruptcy approaches. We conclude that before a firm becomes bankrupt its stock exhibits unusual behavior that is statistically quantifiable.
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Introduction. -How to predict bankruptcy before it occurs is an open challenge. The most recent financial crisis [1] was caused by sub-prime mortgages written in 2006, and it contributed to the Lehman demise in September 2008. The bankruptcies of many other corporations at that time also resulted in substantial losses to investors. The general consensus is that if we could accurately predict bankruptcy, i.e., identify a characteristic behavior exhibited by a stock before bankruptcy, it would help investors avoid such losses. Thus bankruptcy prediction is a topic of great interest, not only to investors, but also to researchers across a wide range of fields.
Beginning as far back as 1966, the attempt to predict corporate failure has been an active topic of research [2] [3] [4] [5] [6] . Most of this research has attempted to predict bankruptcy by using such models as neural networks, logit, quadratic interval logit, support vector machine, and AdaBoost and Bankruptcy Risk [7] [8] [9] [10] [11] [12] , but these models depend upon (a) E-mail: liqian@bu.edu (b) E-mail: jphuang@fudan.edu.cn the availability of detailed financial information about the corporation being studied [3, 4, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Because it is often difficult to obtain accurate internal financial information about a corporation in a timely fashion, these forecasting models are of limited utility [16] .
Here we attempt to understand a corporation's risk of bankruptcy by observing the market dynamics of the price of its stock. We hypothesize that because a stock price reflects the expectation of investors, an important factor in the pool of public information, analyzing stock price movement may provide important clues for predicting bankruptcy [21] . To test this hypothesis, we begin by examining data from the U.S. stock market, comparing the statistical properties of stocks approaching bankruptcy with those of stocks that are not [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . The significant differences we find may prove useful in forecasting corporate bankruptcies.
Database and variables. -Using the database from The Center for Research in Security Prices (CRSP), we collect the daily closing share prices and trading volumes of all 20092 securities listed in U.S. stock markets from 1 January 1989 to 31 December 2008. We choose this period because due to market rule changes, technology advances, and catastrophic events the market always evolves. Market behavior changed significantly for a period of time following the "Black Monday" market crash on 19 October 1987. In order to simplify our database, we "give it time to recover" from the crash and restart our examination approximately two years later. We also use daily data. These are more appropriate for our study than high-frequency intraday data, because the time frame for a bankruptcy procedure can extend over a period of months, and the effects of a bankruptcy do not quickly disappear. During this 20-year period, 13249 stocks disappeared from the market due to bankruptcy, delisting, and mergers and acquisitions (M&A). Investors attempt to avoid stocks that go bankrupt or are delisted, especially when their demise appears imminent. Here we fold in the delisted stocks with those that become bankrupt (both lose the investor money) and focus our analysis on them. On the other hand, M&A are generally good news for investors, since after a M&A the stock price usually increases. Figure 1 shows the typical trends of prices for stocks experiencing bankruptcy, delisting, and M&A during their last days in the market. We find the price trends for bankruptcy and delisting to be quite similar: they both fall until they disappear. The price trend for stocks undergoing M&A, on the other hand, increases. Thus we define a stock as bankrupting if it satisfies two requirements: i) the stock has more than 100 days of trading records (in order to get more reliable results), and ii) the stock price drops more than 20 percent during the previous 100 trading days.
Within this 100-day period, 4223 stocks became bankrupt, accounting for more than 20 percent of the 20092 stocks analyzed. We proceed by taking into account two basic quantities for individual companies: i) market capitalization S(t), defined as the share price multiplied by the number of outstanding shares for one trading day, and ii) the market trading volume of one trading day.
We also define two basic quantities [25, 26] : the daily return R(t) is the logarithmic change of the successive market capitalization (which also accounts for the changes in the number of outstanding shares),
and the volatility V (t) we define as the absolute value of the return,
Throughout this paper, a day means a trading day in the market, so 22 days are actually spread over a calendar month. Since we focus on the behavior of bankrupting stocks immediately before their bankruptcy, we count the time backward from the bankruptcy date. For example, the wording 22 days means that the stock will become bankrupt in 22 days.
Yearly number of bankrupting stocks. -Stock markets are directly or indirectly influenced by large real-life events and, after a measurable time delay, will respond to them. Investors are particularly interested in reported negative events, and take them into account as they attempt to avoid big losses. In the most extreme situations, bad news will lead to bankruptcy, so detailed research about the behavior just before bankruptcy is important.
We first examine the yearly number of bankrupting stocks. This will give us a picture of how the stock market responds to bad news. In fig. 2 one sees substantial fluctuations in the fraction of yearly bankruptcies. The peak during the year 1992-1993 is due to the recession of the early 1990s, which hit much of the world in 1990-1991. Particularly for the US, the recession was largely caused by the "savings and loan crisis", which slowed the growth of the gross domestic product (GDP) until late 1992. The stock market did not respond to the recession immediately, and the peak in bankruptcies occurred almost one year later. History sometimes repeats itself, and a similar situation occurred again in the late 1990s. The period 1997-2001 (see fig. 2 ) was the well-known speculative "dot-com bubble" (often called the "I.T. bubble"). stock market did not begin to show significant bankruptcies until the beginning of 2007. Thus, we conclude that stock markets tend to respond to strongly negative information after a time interval of order one year -as if there were a one-year "buffering period" during which stocks struggle to survive. Some important questions arise:
i) How do stocks that go bankrupt differ statistically from those that do not?
ii) Are there quantifiable signs that emerge before bankruptcy?
Distribution of returns. -To answer these questions, we start by considering the tails of the distribution of returns. We do this because the strength of the tails of a distribution indicates the pervasiveness of large fluctuations, and large fluctuations tend to be a significant driving force as bankruptcy approaches. For a stock approaching bankruptcy, negative returns play a much stronger role than positive returns. For a stock that does not suffer bankruptcy, both negative and positive returns are significant. It is a stylized fact of econophysics research that the cumulative distribution function (CDF) of returns exhibits fat tails that are usually characterized by a power law [22] .
In fig. 3 , we plot the CDF of positive (daily) returns and negative (daily) returns for both bankrupting and nonbankrupting stocks taken in four-year periods beginning in 1989. 1) In the case of both bankrupting and non-bankrupting stocks, the tendency in both positive and negative returns is similar, indicating that the basic structure of the stock market is symmetric over the entire period.
2) We notice two trends:
i) During each four-year period, for both positive and negative returns, the bankrupting For both positive and negative returns, the curves have the same trend: curves for bankrupting stocks are always more pronounced than those for non-bankrupting stocks. And also as the time evolves, the curves for both bankrupting and non-bankrupting stocks tend to become less pronounced, indicating that the stock market is becoming more stable.
stocks are more likely to have larger returns than non-bankrupting stocks. For example, the bankrupting stocks have 10 times larger probability than non-bankrupting stocks to have returns > 0.1 and the price fluctuations for bankrupting stocks are more violent than those of non-bankrupting stocks. Also, when we compare the negative and positive returns, we find that negative returns exhibit a bigger difference between non-bankrupting and bankrupting stocks for large returns, which indicates that negative returns play a more important role as bankruptcy approaches.
ii) During each four-year period, for both bankrupting and non-bankrupting stocks, the probability of having large returns decreases as the time passes. After the crash of 1987, the entire stock market became progressively more mature and stable (as the number of stocks increased every year). This confirms the result in fig. 2 , where the peak of the number of bankrupting stocks decreases with time.
If stocks approaching bankruptcy have a higher probability of exhibiting large returns, we need to know exactly when these large returns begin to occur -immediately prior to bankruptcy or several months earlier? Figure 4 28005-p3 shows the time-dependent CDF of both positive returns and negative returns for all bankrupting stocks from 1989 to 2008, using a time window of 20 days. We begin at the day of bankruptcy, shift the 20-day time window backward, and find that for both positive and negative returns the closer we approach the day of bankruptcy, the greater the possibility that the absolute values of returns will be large. When a stock approaches bankruptcy, its price changes will become increasingly dramatic. Thus we can treat this as a sign of impending bankruptcy, fit the tail of the curves, and draw a time-dependent tail exponent, see figs. 4(c) and (d). The tail exponents continue to increase, approaching the values exhibited by nonbankrupting stock as time increases. A smaller tail exponent indicates a greater possibility of having large returns, again indicating that large absolute values of returns tend to occur immediately prior to bankruptcy.
Cross-correlation between volatility and volume. -Previous research has shown that volatility and volume exhibit positive cross-correlations, which means that large changes in stock price are more commonly accompanied by large changes in trading volume [23] [24] [25] [26] . How does this affect stocks approaching bankruptcy? Do these crosscorrelations change for stocks approaching bankruptcy in ways they do not for non-bankrupting stocks? Figure 5 shows the probability distribution function (PDF) of cross-correlations for both bankrupting stocks and non-bankrupting stocks. We find that if we consider the entire life of a stock, the PDFs for both bankrupting and non-bankrupting stocks are very similar. They all have approximately the same half-height width and the same mean value. However, comparing bankrupting stocks with non-bankrupting stocks, the results are quite interesting if we consider only the most recent months. We find that, owing to the increasing half-height width, the mean value increases, which shows that when a stock is approaching bankruptcy the volatility and volume are more strongly correlated. The explanation for this is intuitively obvious. First, as Fischer Black once suggested, volatility tends to increase as bankruptcy approaches because the threat of bankruptcy causes the stock price to drop, which reduces the equity value of the company and thus increases its financial leverage -and the larger the financial leverage, the more volatile the equity value. Second, the increased trading volume reflects the increase in speculative transactions by uninformed traders as well as the profit-taking dumping of the stock by informed insiders who are anticipating the company's demise. Thus when both volatility and volume increase as bankruptcy approaches, the two are obviously more strongly correlated. So we can say that a large return followed by a large trading volume is another statistical indication of approaching bankruptcy. Final 100 days before bankruptcy. -Since the above results show that bankrupting stocks have different statistical properties during their final days, we undertake more detailed research about the "final days returns" of bankrupting stocks. Figure 6 shows the CDF of the top N (N = 1, 5, 10, 15, and 20) largest returns for bankrupting stocks in the last 100 days. For comparison, we also compute the CDF of the top N largest returns for non-bankrupting stocks for randomly chosen 100-day intervals, but here we only display the CDF of the top returns for non-bankrupting stocks since all CDF for nonbankrupting stocks is a straight line. Figure 6 shows that the largest one-day return volumes for the nonbankrupting stocks tend to be evenly spread over any given 100-day period. In contrast, as a stock approaches bankruptcy, the top N (N = 1, 5, 10, 15, and 20) largest returns are more likely to occur close to the day of bankruptcy. Also, as the number N increases, the CDF curve of the bankrupting stocks approaches that of the non-bankrupting stocks, confirming what we show in fig. 5 -that the larger returns tend to occur during the final days of a bankrupting stock.
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Discussion. -We have used statistical physics analysis to uncover several ways in which stocks approaching bankruptcy differ from non-bankrupting stocks. The tails of the distribution of returns differ significantly. In stocks approaching bankruptcy, unusually large returns are exhibited, followed by an unusually large trading volume -a behavior that is a sign of impending bankruptcy. Our analysis of stock behavior does not depend upon the availability of a firm's internal financial information, and thus can be regarded as a more reliable indicator than analyses that depend upon such information. This allows us to distinguish bankrupting stocks from nonbankrupting stocks based on the historical data alone.
Further study will be required before a fully developed, reliable "early warning system" is able to precisely indicate times of bankruptcy.
